The equilibrium and non-equilibrium motion of an interface between two immiscible fluids and its coupling to spontaneous thermal fluctuations in the bulk is studied theoretically and by computer simulation. Simulations are performed with a two-dimensional momentum-conserving lattice-gas model.
Interfaces between immiscible fluids fluctuate due to the molecular motion in the fluids [1, 2] .
Moreover, if an interface is initially flat, it roughens until it reaches equilibrium. This roughening is a non-equilibrium process (although not far from equilibrium) that is analogous to the relaxation from the ballistic to the diffusive phase of a Brownian particle. However, whereas the root-mean-square displacement of a Brownian particle increases linearly with time t in the ballistic phase, the root-mean-square width W of the interface has, in general, a nonlinear time dependence. Here we study both the dynamical roughening and the equilibrium state of hydrodynamic interfaces.
Recently, numerous models for the non-equilibrium growth of interfaces have been proposed and studied [3] [4] [5] . These models range from discrete-particle models for deposition on a substrate to continuum models given in terms of partial-differential equations, such as the Edwards-Wilkinson [6] and Kardar-Parisi-Zhang (KPZ) [7J equations. Such studies have typically been concerned with purely local growth, with the only relevant field being the interface itself. In contrast, here we study explicitly the coupling between interface growth and a fluctuating hydrodynamic field. Thus the underlying dynamics that governs growth in our case is qualitatively different from the aggregation processes usually studied in the kinetic roughening of growing interfaces [3] [4] [5] . Surprisingly, however-and presumably by coincidence-the values of the scaling exponents that describe roughening of interfaces in two-dimensional fluids match those which may be derived from the KPZ equation. In both cases, the correlation length along the interface grows in the same way by a kind of "superdiffusive" roughening. In the KPZ case, such a result relies crucially on the nonlinearity of the differential equation. The theory for our hydrodynamic problem, however, is completely linear.
Our study is composed of empirical results from computer simulations, a simple phenomenological theory based on equipartition of surface energy and capillary waves, and a fluctuation-dissipation theorem from which the phenomenological theory may be derived as a special case. Whereas our theoretical methods are essentially classical, our numerical method is not. To simulate fluctuating fluid interfaces, we use the immiscible lattice gas [8,9J, a variant of the hydrodynamic (momentum-conserving) lattice gases introduced by Frisch, Hasslacher, and Pomeau [10, 11] . Lattice gases model fluids as a collection of identical, discrete particles that hop from site to site on a hexagonal lattice and obey simple collision rules that conserve mass and momentum. Immiscible lattice gases simulate fluid mixtures by allowing for two species of particles that interact in a way that creates surface tension at interfaces. Importantly, the discrete nature of lattice gases provides a natural noise source for microscopic fluctuations, which in turn give rise to fluctuating hydrodynamics at a coarse-grained scale. The precise relation of the macroscopic behavior of lattice gases to real hydrodynamics has been an active area of research [11-16J ; the overall conclusion is that the behavior of the simplest lattice gases is very close to the Navier-Stokes equations of incompressible hydrodynamics. However, lattice-gas models of interfaces are less well understood [9J, due in part to complications arising from the lack of energy conservation and the lack of detailed balance (i.e., the microdynamics is irreversible). Because our study is the first detailed investigation of moving interfaces in immiscible lattice gases, it also serves to quantify the degree to which these simplified models of immiscible fluids mimic real interface dynamics. Given that our theory is classical while our numerical method is not, the good agreement that we find between simulations and classical fluctuating hydrodynamics is remarkable.
We consider an interface contained in a d-dimensional space of linear size L. The width
2 ), where A is the initial area of the interface, hk(t) is the Fourier transform of the height h(x, t) shown in Fig. I , and Parseval's relation has been used to write the spatial integral in terms of a sum over the waveveetors k. From the simple physical prescription that a flat interface will roughen by the motion of pre-excited capillary waves, with amplitudes distributed according to the equipartition theorem, we write
where a is the surface tension and kBT is the product of Boltzmann's constant and the 3 temperature. The factor 2sin 2 (wot) describes standing capillary waves with frequencies
given by the capillary-wave dispersion relation for inviscid fluids [17J; here each wave is initiated with the same (vanishing) phase and p is the mass density of the fluids. By taking the time-average of Eq. (1), we obtain (2) which expresses the equipartition of surface energy [18] . Eq. (2) 
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where W a is the frequency of the capillary wave with wavelength a, the sum over k has been + k) ), where q = kJi w/(k2v) -1 and the square root is defined by a branch cut along the negative imaginary axis.
The above equations give the time dependence, but not the prefactor, of the velocity 6 autocorrelation function. The prefactor can, however, be obtained by invoking the principle of equipartition of (surface) energy over the different Fourier modes [18] . The result is (6) where Re denotes "the real part" and 0 is the length of the time integration domain.
The autocorrelation function of the height velocity, (hk(t)hk(O) ), may be obtained from this power spectrum and can be shown to be exponentially damped in the long time limit. More precisely, in the low-viscosity limit (when Pv « wo), we have (hk(t)hk(O))ẽ xp (_Pvt)/(Pvt)3/2 to leading order in Pv [20] . Hence, correlations of fluctuating fluid interfaces decay exponentially, rather than algebraic, as in the case of Brownian motion [15, 22, 23] .
In Fig. 3 , the equilibrium power spectrum Ih k (w)1 2 , computed from simulated interfaces that evolved over 2 20 time steps, is shown on a log-log plot along with the theoretical prediction (6) for different wavenumbers k. For the simulations, (J", p, and kBT.// are each the same as in Fig. 2 ; here we also used the viscosity v = 0.2357 obtained from a Boltzmann approximation [9] . The three significant features predicted by theory, the peak at Wo corresponding to a capillary wave of wavenumber k, the plateau to the left of this peak showing significant low-frequency behavior, and the l/w 7 / 2 decay at high frequencies, are all are captured by the simulations. As in the case of the long time tails in the velocity autocorrelation function observed in molecular dynamics simulations [23J, the hydrodynamic description is valid down to remarkably small scales. Here, the shortest wavelength is roughly 8 lattice units. It is likely that the departure from the theoretical predictions, which is observed above the frequency c./N, where c. = J3/7 is the speed of sound in the lattice gas [11] and N = 32 is the size of the box, are due to sound waves and other compressibility effects. The high frequency taillh(wW~l/w a , where 1.0 < a < 1.2, could possibly be predicted from a Landau-Placzek type theory [241.
In conclusion, we have found dynamical scaling behavior for roughening hydrodynamic interfaces and found that the predictions of theory agree well with results from lattice-gas 7 simulations. The equilibrium state, as characterized by the frequency power spectrum, was found to be well captured by a theoretical description based on a fluctuation-dissipation theorem and incompressible hydrodynamics. These results have two important ramifications. First, they may be necessary for understanding the physics of droplet breakup [25] .
Second, they show a surprising accord between the predictions of classical fluctuating hydrodynamics and the behavior of a non-classical hydrodynamic lattice gas. However, we have been required to define an effective temperature for the lattice gas, and have also observed unexplained logarithmic corrections to scaling large small systems. These last points may be resolvable by a Green-Kubo theory for the lattice gas [26J.
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